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Learning Exceptional Subgroups by
End-to-End Maximizing KL-divergence

Sacha Xu* Nils Philipp Walter*, Janis Kalofolias, Jilles Vreeken

*Equal contribution
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Exploratory ML Exploratory + Predictive ML Predictive ML
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Best of both worlds



Examples S

oS

Breast Cancer Malware Analysis Materials Science Census Data

< BRCA Gene 1

e

e

AU T

11 Wl
= w)

22.16 17.72



Motivation - SYFLOW

Census Data
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Task - Subgroup Discovery:
1. Find exceptional subgroups
2. With an interpretable description

v

= “Female & Low Education”
= “Male & White & Age > 38”
= “Male & Educated & Age > 30”
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Subgroup Discovery till now £
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Prototypical Subgroup Discovery o — - e
1. Generate boolean predicates o 163 White L 55 23k
i.  Categorical: Sex=¢ Q 160 White 5 62 K
ii. Continuous: 170 < height <180 .. 9 e Wil 16 38 63k
2. Use a (parametric) exceptionality measure ° 165 White 14 i 4k
. . Ios i
3.  Combinatorially search the best subgroup 172 white 12 /8 71
Q 180 White 8 74 1k
Three major problems
1. Highly dependents 2. Only works for 3. Does not scale to
on discretization assumed distribution large dimensions
051; | - o B i | L - 8k
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ours 25 10 20 30 40 50 N U B R Exzp C Bi-N 10! 102 10°
Number of cutpoints Subgroup Distribution Number of features m
= SYFLOW = SD-/1 == SYFLOW = SD-1 = SYFLOW = SD-11




SYFLOW - In a nutshell

Subgroup Discovery

1. Dependent on Pre-Discretization

2. Strong assumptions on the
target distribution

3. Combinatorial optimization

1. Learn predicates end-to-end
- Accurate Discretization

2. Use Normalizing Flows (NFs)

- No assumptions

3. Continous optimization
- Highly scalable

max KL(Pys=1
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Neural Rule
Layer s
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(Rezende & Mohamed. 2015) 6



SYFLow - Neural Rule Layer |

Goal: Find an crisp interpretable description
o(x) = ~Smoker N 44 < Age < 64

Ingredients:
1.  Differentiable binning predicate
2. 7 R 1

A . . . t —
7T<x17a17ﬁi7 ) e%wi +6%(2xi—a¢)_I_e%(?)l‘i—ai_ﬂi)

« Differentiable analog of:

1 it <z < B
0 otherwise

W(xi;oéi,ﬂz') — {

« Temperature t controls crispness

\ 1

t—0

0.8 -
0.6 A

DN

0.2 -

Theorem 1 Given its lower and upper bounds o;, B; € R,
the soft predicate of Eq. (1) applied on x € R converges to
the crisp predicate that decides whether x € (o, [3),

1 ifoa;, <x; < B

0 otherwise

(Yang et. al. 2018) 7



SYFLow - Neural Rule Layer Il

Ingredients:
1.  Differentiable binning predicate

X e%(Qmi—ai)
ﬂ-(xza 078 ﬁia t) -

e%mi + e%(zmi—ai) + e%(?’wi—ai_ﬂi)
2. Differentiable logical AND

m
M) = s B )]

Harmonic means behaves like an AND

1. If one #(z;; a4, B, t) =0 = M(x) =0
2. If all #(zi; i, Biyt) =1 = M((z) =1

How to turn off useless predicates?

e Bt = Die @i
o 2211 a; 7t (T55 o, By, 1)1
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max KL(PY|S=1 | )

Subgroup | v Overall
Py|s=1 Py
S(x; a’ 187 a'? t)
ai as am—1 Qm,
7T]_ 7-‘-2 eoe 7Tm—1 7Tm
A A A A
I T2 Lm—1 Lm

Fully differentiable!



SYFLow - Finding general & diverse subgroups

Our objective

Ns\7 -~
Dwict, (Pris=illP) = (7)) Dt (Prjs=il|P)

Optimization

JR— |
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Learn the overall distribution Py
Learn the subgroup distribution Pys—;
Optimize classifier weights and bins

Output: Subgroup

Repeat for
N steps

-

Repeat for
C k subgroups

max KL(Pys=1 | Fy)
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Subgroup v Overall
Py|s=1 Py
x

J

S

s(z; «, B, a,t)
al as Am—1 am,
T ) Tm—1 Tm
A A A A
1 T2 Tm—1 Tm




Experiments - Synthetic

Target distributions

|— SYFLOW = SD-11

F1-Score
o
ot

S (i i
N U B R FExp C Bi-N

Subgroup Distribution

SYFLOW is robust to various
target distributions.
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Scalability in m
— SYFLOW — SD-p — SD-KLL — RSD BH
1_

o 0.8 z o
S 0.6 o 6k -
2 0.4 5  4kA
&3 _ = |

O.(2)_ a:é 2k /

| T T TTTTH L _I —TTTTTT —TTTTTT

1 2 3 '

10 10 10 101 102 103

Number of features m Number of features 17

SyrLow finds a good balance
between accuracy and runtime.

(Lemmerich & Becker, 2018; Lemmerich & Becker, 2018 + van Leeuwen & Knobbe, 2011; Proenca et al., 2022; Friedman & Fisher, 1999) 10



Experiments - Real World
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Dk, BC AMD

ours SD-KL  SD-p RSD BH ours SD-KL SD-p¢  RSD BH ours SD-KL SbD-p RSD BH

Abalone 0.14 0.02 0.12 0 0.05 0.66 0.99 0.93 1 087 0.73 0.25 0.84 0 0.16
Airquality 0.22 0.22 0.24 0 0.0 0.62 0.86 0.79 1 1.0 037 0.53 0.49 0 0.0
Automobile  0.22 0.24 023 026 021 0.64 0.85 0.79 0.64 0.6 1838 2807 2683 2218 2475
Bike 0.17 0.1 0.15 0.17 0.13 0.64 0.95 09 067 0.73 584 570 630 431 622
California 0.13 0.06 0.11 0 0.0 0.72 0.97 0.93 1 1.0 0.25 0.3 0.32 0 0.0
|Insurance 0.27 0.13 0.26 0 0.19] 0.5 0.93 0.52 1 084 3845 3973 3845 0 1518
Mpg 0.27 0.26 024 021 024 0.57 0.76 0.8 047 0.61 299 2.85 296 1.66 2.79
Student 0.08 0.03 0.08 0.09 0.04 0.86 0.99 094 0.71 097 046 0.52 069 047 045
| Wages 0.1 0.02 0.1 0 0.03] 0.81 0.99 0.9 1 099 6043 2994 5916 0 5149
Wine 0.08 0.0 0.06 0 001 0.89 1.0 0.97 1 097 0.17 0.04 0.19 0 0.04
Avg. rank 1.5 35 2.1 3:9 3.6 14 4.0 2.8 3.3 29 2.6 24 1.5 4.5 3.6

1L



Experiments - Insurance Dataset

SD-u

Smoker
== Smoker A\ Age > 18

== Smoker A Age > 18 A BMI > 21

__“——-#

10k 20k 30k 40k

Y : Insurance rate

50k

60k
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SYFLow

Smoker
== ~Smoker A Age < 36
== ~Smoker A 44 < Age < 64

10k 20k 30k 40k 50k 60k

Y : Insurance rate

12
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Experiments - Materials Sciences

Gold Nanoclusters

Odd #Atoms A #Atoms > 8
= Odd #Atoms A % 4-bonds < 0.6 A % 2-bonds < 0.9
== Even #Atoms A 3-D Planarity A Gyration < 1.00
Even #Atoms A % 0-bonds < 0.01 A 2-bonds > 0.43
A Gyration < 1.00 A % 1 bond < 0.3

 Number of Atoms |

. Even #Atoms T

« 3-D Planarity 0.5 1 1.5 2
Y : HOMO-LUMO gap

Target: HOMO-LUMO gap
~ stability and conductivity

13
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Conclusion :
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SYFLOW

max KL(Py|s=1 | )

Census Data Subgroup v Overall
Fris=1 . Discovered Subgroups
o — - - 7 @ “Female & Low Education”
Ite
G 163 Whi = o - = “Male & White & Age > 38”
{te = “Male & Educated & Age > 30”
Q 160 White 5 62 1k s(z; e, B, a,t) .
g 188 White 16 38 63k
Q 165 White 9 45 4k
g 172 White 12 78 7k a as A1 U m‘i‘l . . . .
Q 180 White 8 74 1K 50k 100k 150k 200k 250k 300k
™1 T2 Tm—1 Tm
- - Y': Wages in $1000
% A
951 352 377;—1 ﬂU-m

from src.demo_utils import *
from src.methods import run_syflow

1Load Data

data = load_insurance("data/")
features, target, feature_names = data["data"], data["target"], data["feature_names"]
plot_target(target, "Costs", "Probability", "Distribution for Insurance dataset")

Distribution for Insurance dataset

8
I 14
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SYFLow - Objective

Approximating KL-Divergence

Dk (Pyys=:| Py) :/ Dys—1(y) log (leS:l(y)> dy
yey

Py (Y)

L / wx pié"i“i%dxlog (P
o

Objective for general & diverse subgroups

Ng\7 ~

DwkL (Pyis—1 || Py) = (;) Dxr, (Pys—i|| Py) - Trade-off size and exceptionality

J
+ A Dxr (Pyisoi||Pyis;=1) = Diverse subgroups
j=1

\ 1

\Il

R\

17
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SYFLOW Key contributions 2N
1. Continuous optimization to
max KL(Pys=1 | Py) } . Pt
, maximize KL-divergence
Subgroup | i | overal 2. Normalizing Flows to accurately
Pris=1 By learn target distributions
s(z; o, B, a,t) )

3. Neuro-symbolic rule layer to learn

ai as am—1 A
>~ . o
- mo | o | Tt | T interpretable subgroup descriptions
56:1 ﬂé2 377;1,—1 x:m p

Fully differentiable!

18
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Traditional subgroup discovery SYFLOW
Male A Age > 30 A Height > 1.6 Female A Low Education
== Male A\ Age > 27 A Height > 1.6 == Male A White A Age > 38
== Male A Age > 27 A Height > 1.6 == Male A Educated A Age > 30
50k 100k 150k 200k 250k 300k 50k 100k 150k 200k 250k 300k
Y': Wages in $1000 Y : Wages in $1000
« Highly redundant « Diverse set of subgroups
« Depends on pre-discretization « Learns best discretization

» Slow for large #features  Highly scalable

19
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On images :
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Distribution 0: Py g,=1

- =
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Distribution 1:Py s —4

Rule 0: so(X) Rule 1: s, (X)
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SYFLow - Table with bold numbers

DKL(Py|S:1,Py) = Zpy|521(y) log(py|5—:1(y)) BC(PY|S:17 PY) — Z \/pY|S:1(y)pY(y)
yey py (y) yey

AMD(Y,,Y) = LZy - iZy

d YEY: M yey
Dy, BC AMD

ours SD-KL  SD-p RSD BH ours SD-KL SD-p RSD BH ours SD-KL SD-p RSD BH
Abalone 0.14 0.02 0.12 0 0.05 0.66 0.99 0.93 1 087 0.73 0.25 0.84 0 0.16
Airquality 0.22 0.22 0.24 0 0.0 0.62 0.86 0.79 1 1.0  0.37 0.53 0.49 0 0.0
Automobile  0.22 0.24 023 026 021 0.64 0.85 0.79 0.64 0.6 1838 2807 2683 2218 2475
Bike 0.17 0.1 0.15 0.17 0.13 0.64 0.95 09 067 0.73 584 570 630 431 622
California 0.13 0.06 0.11 0 0.0 0.72 0.97 0.93 1 1.0 0.25 0.3 0.32 0 0.0
Insurance 0.27 0.13 0.26 0 0.19 055 0.93 0.52 1 084 3845 3973 3845 0 1518
Mpg 0.27 0.26 024 021 024 0.57 0.76 0.8 047 0.61 2.99 2.85 2.96 1.66  2.79
Student 0.08 0.03 0.08 0.09 0.04 0.86 0.99 094 0.71 097 046 0.52 069 047 045
Wages 0.1 0.02 0.1 0 003 0381 0.99 0.9 1 099 6043 2994 5916 0 5149
Wine 0.08 0.0 0.06 0 0.01 0.8 1.0 0.97 1 097 0.17 0.04 0.19 0 0.04

Avg. rank 1.5 k2 2.1 30 3.6 1.4 4.0 2.8 3.3 29 2.6 2.4 1.5 4.5 3.6

21
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SYFLow - Different Target distributions R
|
4 0.3 27
S 06 s 3 3 R
i L ~ 0-2_ i
| oa- i, i L
g 0.2 S g 0.11 2 05
0 . | . — — >~ 0ol . .
0 2 4 0.2 0.4 0.6 0.8 4 -2 0 2 4 0 2 4
X xr X xr
@ N(1.5,0.5) (b) B(0.2,0.2) © C(0,1) (d) Ezp(0.5)
0.3 -
0.6 1
3 02 3 03 e
o o 02 L
g Ot g 01 g 02
odl >~ ol MV N old L
0 2 4 6 8 4 -2 0 2 4 05 1 15 2
X xr T
© R(2) () N'(—1.5,0.5) + N(1.5,0.5) (2) U(0.5,1.5)

22



